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SCOPE

Almost all the published studies of crystal size distribution
(CSD) dynamics considering, for example, different crystallizer
configurations, high- or low-yield systems, and various crystal-
lization kinetic models, are confined to isothermal conditions.
In this paper the nonisothermal case is considered. By analogy
with the continuous stirred tank reactor (CSTR) in reaction en-
gineering the theory of concentration multiplicity and stability
as applied to a simple MSMPR crystallizer was developed in
Part I (Tavare and Garside, 1985) of this paper. In this second

part the same analogy is extended to develop a theory of tem-
perature multiplicity for a cooling crystallizer by incorporating
the energy balance in a macroscopic lumped-parameter model
description of an MSMPR crystallizer. The crystallization ki-
netics are described by power law growth and power law
magma-dependent nucleation models incorporating Arrhenius
type temperature-dependent rate constants. A linear stability
analysis of the dynamic balance equations using small pertur-
bations around the steady state is also presented.

CONCLUSIONS AND SIGNIFICANCE

Temperature multiplicity of a continuous MSMPR cooling
crystallizer is determined by the intersections of the dimen-
sionless characteristic heat generation function and the di-
mensionless heat removal line defined by the slope parameter
and intercept on the reduced temperature axis. The kinetic or-
ders, dimensionless activation and heat transfer parameters,
and reduced operating temperatures characterize the dimen-
sionless heat generation function, while the slope parameter of
the heat removal line depends on the physical parameters, rate
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coefficients, mean residence time, and feed concentration. The
necessary and sufficient conditions for the existence of tem-
perature multiplicity together with the uniqueness criteria are
defined in terms of important quantities which characterize the
heat generation and heat removal functions. Multiple steady
states of temperature are possible over certain ranges of kinetic,
physical, and operating parameters, given the proviso of a
high-order nucleation rate with respect to magma density. Ef-
fects of the important variables on the regions of multiplicity
and uniqueness are delineated. The middle of the three possible
steady states for temperature is normally unstable, as can be
demonstrated by means of simple linear stability analysis of the
dynamic balances using a small perturbation around the steady
state.

AIChE Journal (Vol. 31, No. 7)



INTRODUCTION

The problem of crystal size distribution (CSD) dynamics in
continuous crystallizers has been analyzed by many researchers
(Randolph and Larson, 1965; Sherwin et al., 1967, 1969; Hulburt
and Stefango, 1969; Lei et al.,, 1971; Anshus and Ruckenstein, 1973;
Randolph et al., 1973, 1977; Randolph, 1980; Epstein and Sowul,
1980). Crystallizer configurations studied have ranged from the
simple MSMPR (mixed-suspension, mixed-product removal) sys-
tem to more complex units having one or more combinations of
process modifications such as fines destruction, clear liquor ad-
vance, and product classification; both high- and low-yield systems
have been considered. A simple power law growth rate model, with
or without a size-dependent term, and a range of nucleation models
including simple power law, Miers, Volmer, and magma-depen-
dent power law have been used in these CSD dynamics studies. In
general most of the analytical crystallizer stability work has cen-
tered around the dynamic population balance over the configu-
ration together with the associated mass balance under isothermal
conditions alone. Linear stability analysis has been used to delineate
the stability regions of such crystallizer configurations over a range
of kinetic and process parameters, but the interaction of the energy
content with the dynamic behavior has been ignored.

The subject of reactor stability has been extensively investigated
and the chemical engineering literature is replete with both the-
oretical and experimental stability studies of chemical reactors
(Aris, 1969, 1975; Perlmutter, 1972; Denn, 1975; Himmelblau and
Bischoff, 1968). One aspect of such work is the concept of multi-
plicity in the operation of a chemical reactor (Frank-Kamenetskii,
1947; van Heerden, 1953; Bilous and Amundson, 1955; Stewart and
Villadsen, 1969; Furusawa et al., 1969; Veijtasa and Schmitz, 1970;
Luss, 1971; Hlavacek et al., 1976, Lin, 1979).

In Part I of this paper (Tavare and Garside, 1985) an analogy
with the isothermal well-mixed CSTR (continuous stirred tank
reactor) of reaction engineering has demonstrated the application
of the theory of concentration multiplicity and stability to the
isothermal continuous MSMPR crystallizer described by the pop-
ulation balance equation together with power law growth and
magma-dependent power law nucleation kinetics. The object of this
second part is to extend the same analogy by incorporating the
energy balance in addition to the solute balance in the description
of the simple MSMPR cooling crystallizer and to develop a theory
that will enable predictions of the regions of multiplicity. Discussion
is confined to the simple MSMPR ecrystallizer configuration in
which supersaturation is achieved by cooling a hot feed to the
working temperature. The specific aim of the paper is to present
some exact uniqueness and multiplicity criteria together with the
stability analysis in terms of the solute concentration and working
temperature of a continuous MSMPR crystallizer. The analysis will
simulate most real continuous crystallizers operated in this mode
and should be useful in the identification of ranges of parameters
within which temperature multiplicity can be expected.

THEORY

Crystallizer Description

The analogy of the classical CSTR as analyzed by a macroscopic
description which leads to a model involving a lumped-parameter
set of ordinary differential equations will be used to describe the
crystallizer. The dynamic solute balance as written for the solution
in a continuous MSMPR cooling crystallizer of the type shown in
Figure 1 can be formulated as

dc

Ta;=6f—c—'MT (1)
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Figure 1. Schematic representation of a continuous MSMPR cooling
crystallizer.

and the energy balance as

6 755 = enTr = T) + (-AHMz =2 (T = T) (2
A basic premise of the above description is that both the concen-
tration and the temperature are uniform throughout the crystallizer
and the heat capacity of the adiabatic vessel itself is negligible. The
final term in Eq. 2 arises from the need to allow for heat transfer
across the boundary of the system by means in addition to the
material flows. Ua is thus the overall heat transfer coefficient in
units which include the area of heat transfer surface. It is not
necessarily the true overall heat transfer coefficient in a conven-
tional heat transfer sense, but rather a phenomenological model
parameter used to simplify the representation; its value depends
on fluid properties, fluid conditions, and the heat generation term.
¢p is the representative value of solution specific heat. For sim-
plicity its variation with temperature and solid content is ne-
glected.

The crystallization kinetics of the system will be described em-
pirically by:

overall linear growth rate: G = kgo exp(—E¢/RT)Ac# (8)
nucleation rate: B = kg exp(—Ep/RT) AcPM i (4)

Both these rate expressions incorporate an Arrhenius temperature
dependence with activation energies Eg and Eg, and a power law
supersaturation effect with orders g and b, respectively. The power
law term, M., in the nucleation rate expression accounts for sec-
ondary nucleation effects occurring within the crystallizer. Effects
of variables other than temperature, supersaturation, and sus-
pension density on the kinetics are lumped into the rate coefficients
kco and kgo; examples of such variables include slurry hydrody-
namics and the presence of impurities.
Using the dimensionless variables
c
x = —
s
- Tep
Cf(— AH,)

t =—
T

5=18
Qcy
the dimensionless dynamic solute and energy balances, Egs. 1 and
2 may be rewritten as

dx |, Mr
dt 1= cf 5)
L L R T ©
2 YTy Y~ Yof
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The parallel between the two dynamic conservation equations is
more obvious in these dimensionless forms. The corresponding
steady state equations can be obtained by setting the time deriva-
tives in Egs. 5 and 6 to zero, so giving

1—x-Mr_y 1)
¢f
(yr—y) + )y 0y — Yof) =0 (8)

If the solubility relation for the crystallizing salt over the range of
interest is expressed as a linear function of temperature:

cs=mT +e 9)
then the equivalent in dimensionless form is
x=0y+ & (10)

where 8 = m{—AH.)/c, and £ = e(—AH,)/¢c,

Using the steady state solute and energy balances, Egs. 7 and 8,
along with the solubility relation in the definition of the difference
in supersaturation values

Ac — ACf_C“Cf+ Csf — Cs
of cf i
the relationship between the reduced supersaturation and reduced
temperature can be established as

Ax = Axp + (1 + B)ys — y) — 8y — yey) (12)

while that between the reduced concentration and the reduced
temperature is

(11)

l—x=(y—uy) + oy — y) (13)

For the steady state continuous MSMPR crystallizer operating
with a clear feed and negligible crystal agglomeration and
breakage, the suspension density obtained from the moment
transformation of the population balance equation is given by
(Randolph and Larson, 1971)

My = 6k,p7* G3B (14)

Using Egs. 3, 4, 12, and 13, the dimensionless characteristic heat
generation function, H(y), used in multiplicity analysis may be
expressed as a function of y alone as

Hy) =1
CfOl
= exp(— =] (Ax)R(1 — %)
= exp(— ") (s2—s1y)k ( —1—7 d))j (15)
where
a= GkDpT“kBok%oc}‘”_l (16)
= (Ep + 3Eg)ep a7)
R(—AH,)cy
k=b+ 3g (18)
s1=1+ 8+ (19)
so=Axs + (1 + Blys + Oyes (20)
¢ = (yf + dyep)n (21)
1
T =

In addition to the above crystallizer description there exist two
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Figure 2. Schematic representation of the van Heerden diagram.

physical limitations on a cooling crystallizer which may be ex-
pressed by

Xof Sx K1 (23)
and
Yy 2 Y = Yof (24)

Equation 23 sets the limits on the reduced exit concentration, Eq.
24 on the reduced working temperature. However, if Eq. 13 is
incorporated in inequality Eq. 23 to yield

p<y<otnl—xef) =0+ n(l—Pyy—§& (25

then Eq. 25 sets less conservative limits on the reduced working
temperature than those represented by Eq. 24.

Multiplicity Analysis

It is evident from the steady state energy balance Eq. 8 that the
characteristic function H(y) is proportional to the dimensionless
heat generation term due to the crystallization process, and the
other two terms to the heat removal from the crystallizer. Thus Eq.
8 may be rewritten as

Heat generation = Heat removal

y—¢ (26)
o

nH(y) =

For a graphical solution of Eq. 26 it is necessary to plot the heat
generation and heat removal functions against y on the same plot
when the intersection(s) of the curve representing the dimensionless
function H(y) with the straight line representing the heat removal
term yields a steady state solution(s). This classic representation
is known as the van Heerden diagram. The nature of the function
H(y) depends on many parameters and with certain sets of pa-
rameters will have a sigmoid shape as shown schematically in
Figure 2. When the heat removal function is superimposed on the
same diagram it is evident that the equality of the heat removal
and generation terms can define one or more steady states at the
intersection points, depending on the system parameters that de-
termine the position of the heat removal line as characterized by
its slope (1/«) and intercept (¢) on the y axis. Examination of
Figure 2 shows clearly that a crystallizer steady state can be very
sensitive to small changes in parameters if the conditions are close
to those that produce the triple intersection. It would perhaps be
expected that the relatively high sensitivity associated with the
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multiple state ought to be avoided and indeed this would be a
reasonable basis so long as the unique steady states that are at-
tainable are satisfactory as regards performance.

Conditions for Multiplicity

From Figure 2 it is evident that if the slope (1/a) of the heat
removal line is not within the range of slopes of the tangents to the
function nH(y) from the point (¢,0), only one steady state will exist.
Hence a necessary condition is that it must be possible to draw two
tangents to nH(y) from the point (¢,0). A sufficient condition is that
the slope of the straight line through (¢,0) (i.e., 1/a) should lie
between the slopes of the two tangents to the function nH{y) from
the point (¢,0), i.e., from Figure 2

RIS PR @7)

(4 'Y 24 X
The slope parameter « as defined by Eq. 16 depends on many
quantities, in particular the kinetic rate constants, mean residence
time, and feed concentration. Some of these are rather difficult to
assign a priori with precision. Thus the slope parameter may be
eliminated in deciding the region of multiplicity by taking the ratio
of the derivative of H(y) to H(y) which, after using Eq. 15,
gives

H@y) _ 1
H(y) y—¢
_l_ kSl ]
Y2 (52— s19) * (y—¢) 28)

Simplification of Eq. 28 yields a cubic equation in y as

o [ =)sg + vs1 — ke 5]

3

(L T T
o lse + ves) [ voss -
”[<k+j—1>s1] l<k+j~1>sll 0 29

If this cubic equation in y has two real and distinct roots within the
range of y specified by Eq. 25, then these two roots will set the
limits on the range of multiplicity.

Conditions for Uniqueness

If the desirable flexibility is available it would be worthwhile
to explore the effects of parameter choices to determine the con-
ditions which always produce a unique steady state. The energy
balance characteristic function from Eq. 26 can be defined as

Fly) =12+ () = 0 (30)
Differentiating Eq. 30 with respect to y gives
. 1 .
Fly)=——+ nH(y) (31)

The lefthand side of Eq. 31 can never be zero if
H(y) <0 (32)

Since H{y) can only be positive, Eq. 32 will be satisfied if the fol-
lowing inequality from Eq. 28 is satisfied:

A BRI ) (39)
y2 y— ¢ (s2—sw)

Equation 33 represents a systern uniqueness criterion and provides
the sufficient condition which guarantees a unique solution to the
choices of the parameters contained within it for nonzero positive
H(y). Equation 32 is safe but quite conservative, a sufficient but
not a necessary unigueness criterion. It is important to note that
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although multiple solutions require F(y) to be zero at some value
of y, the converse is not true. Having accepted the F(y) < 0 in-
equality, it follows exactly from Eq. 31 that H(y) < 1/n« rather
than the correct but simplified Eq. 32. An interesting physical in-
terpretation of the inequality can be made as

. 1

nH(y) <= (34)
44

i.e., (slope of dimensionless heat generation curve)
< (slope of dimensionless heat removal line)

In otherwords, an MSMPR crystallizer will have a unique steady
state if the slope of the heat removal line in Figure 2 is Jarger than
the slope of the heat generation curve over the entire range of in-
terest (line ¢D in Figure 2).

The question of uniqueness may be explored in further detail
by returning to the inequality represented by Eq. 34 and recog-
nizing that it can be satisfied by a less conservative relationship than
Eq. 32. The derivative H(y) need not necessarily be negative so
long as it is less than a positive number, i.e., Max |H(y)| <
1/ne.

STABILITY ANALYSIS

The concept of uniqueness and stability must be carefully dis-
tinguished. It is a property of a given equation to have or not to
have a unique solution. It is the property of any one solution to be
stable or unstable. Questions of uniqueness or multiplicity of the
steady state can be resolved by the study of the steady state equa-
tions whereas the question of stability requires consideration of the
dynamic equations. However the steady state equations do permit
certain limited and usually negative statements to be made about
stability.

The dynamic energy balance around the crystallizer may be
rewritten from Eqgs. 6 and 26 as

n%=¢—y+ anH(y) (85)
The steady state value (denoted by subscript s) obtained by letting
dy/dt = 0in Eq. 35 and subtracting the steady state equation from
Eq. 85 results in

de

= ¢+ anlH(y) - Hly,)] (36)
where € represents the deviation from the steady state and is de-
fined as

E=Y —Ys (87

For small perturbations from the steady state the term in the square
bracket of Eq. 36 can be linearized using a Taylor series expansion
as

[H(y) — H(y,)] = €H(ys) (38)

Substituting Eq. 38 into Eq. 36 and integrating the result gives
€ = ¢, exp(—qt) (39)
where ¢, is the value of the deviation at £ = 0, and ¢ is given by
q=1-anH(y,) (40)

For a steady state to be stable the perturbation ¢ must decay with
time. This is possible for ¢ > 0. It can be shown that q is negative
for the range y; < y < y; (see Figure 2) and so the steady state lying
within this region is unstable. Normally the middle of the three
steady states is one such case for which ¢ < 0. The inequality Max
[H(y)] < 1/« guarantees a positive value to g and hence a unique
and stable solution.
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TABLE 1. PARAMETERS USED IN THE ANALYSIS
Parameter
Cooling fluid temperature, Ty, K 298
Crystallizer feed temperature, Ty, K 348
Solubility, c,, kg salt/kg solvent 0.004T - 1.0

Feed concentration, ¢y, kg salt/kg solvent

0.004T; — 1.0 = 0.392

Growth rate order, g 1.0
Nucleation order, b 2.0
Exponent of magma density, j 2.0
Activation energy for nucleation, Eg, kJ/kmol 6x 104
Activation energy for growth, Ec, kJ/kmol 5 X 104

Ratio of overall heat transfer coefficient to 5.0
heat capacity of crystallizer feed, &

Ratio of heat of crystallization to specific heat,
—AH./cp, K

The foregoing linear stability analysis utilizing an infinitesimal
perturbation is based on the dynamic energy balance alone.
However both dynamic balances should be considered for the
stability analysis. If then Eqs. 5 and 6 are rewritten as

dx
5 1~x— anH(x,y) (41)
Ui d:i_z =¢—y + anH(x,y) (42)

an identical procedure to that outlined above enables Egs. 41 and
42 to be linearized in a Taylor series as

d . ,
f =—[1 + anH;(x:.y,)] e — [anHy(x;,y;)]ee  (43)
d . )

n ‘Zlft—z = [aon(xs’ys)] € + [_1 + anHy(xs7ys)]€2 (44)

where € and ¢ are the deviation variables for x and y, and
H, (x,.y;) and Hy(x;,y;) are the partial derivatives of H(x,y) with
respect to x and y evaluated at the steady state, respectively.

In order to examine the stability of the steady state it is necessary
to examine the roots of the characteristic equations derived from
the determinant of the characteristic matrix A = | J — M| of Eqgs.
43 and 44 where J is the Jacobian matrix, A the eigenvalues, and
I'the identity matrix. The characteristic equation is

(45)

where a;; are the elements of the characteristic matrix and are
defined from Eqs. 43 and 44 as
an = ~[1 + anHy(%,.4s))a12 = —anH, (x;,y;), (46)
ag1 = anHy(xs,y;), age = —1 + anH,(x,ys)
For the steady state to be stable both the roots A; and Ag need to
have negative real parts. This is true if and only if

A2 — (a1 + as9)A + (@189 — ay0a9,) =0

TABLE 2. EQUIVALENT DIMENSIONLESS QUANTITIES USED IN
THE ANALYSIS

B=02 E=-0.02

yr = 17.755 yof = 15.204

x5 =10 Axs = 0.0

k=50 j=20

v = 1,288.0 §=5.0

¢ = 15.629 7 = 0.166

51 = 6.2 sg = 97.327
Ymin = 15.629 Ymax = 15.714

YnH{p)=0 = 15.698

Hy) max =8 X 1079
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Figure 3. Characteristic function nH(y). Data used in the calculations
are given in Tables 1 and 2.

a)) + ag <0 (47)

(48)

Equations 47 and 48 are commonly known as the dynamic (¢r] J|
< 0) and static or slope (det| J| > 0) conditions of the linear stability
respectively. Normally these conditions are always satisfied for the
lower and upper steady states. The middle steady state however
violates these conditions and is therefore unstable.

For the occurrence of oscillations it is necessary that the static
condition, Eq. 48, should be satisfied while the dynamic condition,
Eq. 47, be violated.

anags — a19az1 > 0

APPLICATION

The dimensionless characteristic heat generation function, H(y),
depends on the kinetic orders (k,j), dimensionless activation energy
(v) and heat transfer (0) parameters, and the operating reduced
temperatures (y, ys and y.¢), while the slope of the heat removal

\
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Figure 4. The function nH(y). Data used in the calculations are given
in Tables 1 and 2.
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Figure 5. The function 7H( y). Dala used in the calculations are given
in Tables 1 and 2.

line (1/a) is characterized by the physical parameters (k,,p), rate
coefficients (kpo,kco), mean residence time (7), and feed con-
centration (¢s). The necessary conditions are made independent
of « and depend mostly on the parameters in H{y). As several
parameters are involved in the foregoing general analytical for-
mulation, a typical set of actual parameter values, Table 1, was
chosen for numerical analysis; the corresponding equivalent di-
mensionless quantities are given in Table 2.

Plots of nH(y) against y for j = 0, 1, and 2 are depicted in Figure
3 and those of nH(y) and 7H(y) in Figures 4 and 5, respectively.
When j = 0 (no secondary nucleation effects) a monotonically
decreasing nH(y) guarantees a unique steady state without any
possibility of multiplicity. A graphical solution of Eq. 29 indicates
no regions of multiplicity. The uniqueness criterion, Eq. 33, and
dynamic and static stability criteria, Eqs. 47 and 48, are satisfied
over the entire range of y defined by Eq. 25, confirming a unique
and stable steady state for this case. Although the function 7H(y)
for j = 1 passes through a maximum and the uniqueness and sta-
bility criteria are not satisfied in the region very close to y = ¢, the

maximum slope
legn 27} T / typical operating
T—line showing
multiplicity
1.0 unique  solution
beyond this line . dimensionless
(egqn 341 ™ charocteristic
heat generation
T \ function
Hiy)
104
* change n sign
of 7fly}
ost 7 fegn 32)
;——yumque sotution
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0 i 1 1
T 15-63 1564y 15-65 1566
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Figure 6. Characteristic function nH(y) showing region near y = ¢
for / = 2. Other data as in Tables 1 and 2.

graphical solution of Eq. 29 does not yield any other root within
the range of y defined by Eq. 25, and so indicates no possibility of
multiple solutions. However this possibility does exist for j = 2, as
the graphical solution provides a region of multiplicity. The uni-
queness and stability criteria are violated over the overlapping
range of y, indicating the possibility of multiple unstable solu-
tions.

Confirmation of these observations can be obtained from Figures
4 and 5. For § = 2 both the derivatives nH(y) and 7H(y) yield three
roots, while for j = 0 only one and for j = 1 only two roots are
possible. Thus a possibility of multiplicity exists if the slope con-
dition, Eq. 27, is satisified.

An enlargement of that part of the dimensionless characteristic
heat generation function near y = ¢ as displayed in Figure 6 shows
a sigmoid shape and demonstrates the possibility of multiplicity
within this region. The slope parameter « defined by Eq. 16 has
several adjustable parameters, in particular the mean residence
time, the kinetic rate coefficients, and the feed concentration. Also
included in Figure 6 are the regions defining the unique solution.
This shows clearly how conservative and safe estimates are obtained
by these criteria.

The effect of the dimensionless heat transfer parameter 6 on the
regions of multiplicity and uniqueness for k =5 and § = 2 is de-
picted in Figure 7. Other parameters are as shown in Table 2. The

pat!
Range of interest
sH Range of uniqueness
/nge of multipie steady states
0
I8
| 1 Il —1 i —_
153 154 155 156 157 15-8 159 %0
y ——>

Figure 7. Effect of the heat transfer parameter 0 on the regions of muitiplicity and uniqueness for j = 2. Other data as in Tables 1 and 2.
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Figure 8. Effect of the kinetic orders parameter k on the region of multiplicity for j = 2. Other data as in Tables 1 and 2.

lowermost curve, y = ¢, and the uppermost curve, y = sg/s,
represent lower and upper bounds on nH(y) for the potential region
of interest; nH(y) = 0 on the bounds. The possibility of multiplicity
exists in the region between the two lowermost curves while the
region of uniqueness lies between the uppermost curves. The sta-
bility criteria, Eqs. 47 and 48, predict a stable solution in this region
of uniqueness. All the regions show slight increase with decrease
in 8. The uniqueness, Eq. 33, and stability criteria, Eqs. 47 and 48,
present a safe and conservative estimate over the entire range of
0.

The effect of the kinetic orders parameter k on the region of
multiplicity can be seen by using k as a parameter on the plot of
6 against y as shown in Figure 8. As k increases the region of mul-
tiplicity reduces and that of uniqueness and stability increases while
the trend of safe but conservative estimates for uniqueness and
stability is retained in each case. The activation energy parameter,
-, showed no effect on the regions over a range 600 <y < 1,850
and the general behavior of the system was found to be indepen-
dent of temperature range. A high temperature difference between
feed and cooling fluid was specifically chosen to obtain large re-
gions, as the regions are reduced for small temperature differ-
ences.

DISCUSSION

As in the case of concentration multiplicity (Tavare and Garside,
1985) this analysis based on the steady state balances alone shows
the possible existence of multiplicity for a continuous MSMPR
crystallizer, in this case temperature multiplicity for a cooling
crystallizer. A high-order term of magma density in the nucleation
model, Eq. 4, is again the crucial parameter, in this case exerting
a significant influence on the form of the dimensionless charac-
teristic heat generation function nH(y). Unique and stable behavior
of the MSMPR configuration for a low-order magma-dependent
term in the nucleation model is predicted.

As Eqs. 5 and 6 in the present model are normally nonlinear and
coupled, a number of possible routes to stability analysis are open
(Perlmutter, 1972; Himmelblau and Bischoff, 1968). Solution by
direct computer simulation of these equations may be possible. On
the other hand the stability can be examined by considering small
perturbations around steady states. The foregoing stability analysis
attempts to place quantitative limits on the system parameters
which would insure stable operation. Normally the dynamic (¢7| J]
< 0) and static or slope (det| J| > 0) conditions of the stability are
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satisified for the upper and lower steady states. The middle steady
state violates these conditions and therefore is unstable. For the
occurrence of sustained cycles the static condition is satisfied but
the other dynamic condition may be violated. Detailed dynamic
studies of the configuration may be necessary to provide more
information and better understanding. In the present stability
analysis the dimensionless heat generation function nH(y) was
evaluated from the magma density term obtained from the steady
state analysis ignoring its dynamic behavior. A more rigorous
analysis involving evaluation of the characteristic matrix for the
set of differential equations describing the dynamic moments of
the CSD along with the dynamic solute and energy balance, as
presented in Appendix 1 to Part 1 of this paper, would be rather
complex.

As can be seen from Figure 7, the maximum potential temper-
ature range of interest for analysis is ~0.075 in dimensionless terms;
this corresponds to ~1.5 X in real temperature, whereas the cor-
responding multiplicity range is ~0.5 K. Using the analogy with
the CSTR in reaction engineering, the temperature range over
which multiplicity might occur is likely to be much higher in re-
actors than in crystallizers. In the crystallizer operating mode
considered here, there has to be some cooling of the feed as a pre-
requisite of the operation; hence the crystallizer would normally
be operated at a temperature lower than that of the feed but higher
than that of the cooling fluid. Such a constraint is unnecessary in
chemical reactors. Further, heats of reaction would normally be
much higher than those of crystallization, the latter being usually
less than about 400 k] /kg.

Finally, it is important to assess the practical implications of the
present work. Temperature multiplicity is possible for a high-order
magma density term in the secondary nucleation kinetic expression
over a narrow range of operating parameters, although such
high-order magma-dependent nucleation kinetics seem rare in
published crystallization kinetics (Garside and Shah, 1980). One
of the important inferences that can be drawn from this work is
that the designer should be aware of a possibility of multiple steady
states over some choices of operating system parameters whereby
the crystallizer might operate at conditions quite removed from
those intended. Although such regions may be rather drastic, a
priori knowledge of operating conditions and crystallizer param-
eters within which multiple steady states are possible is beneficial
in design, start-up, and control. Extreme parametric sensitivity in
the region close to multiplicity is another characteristic which may
be limited to a narrow region, to special cases, or to localized sit-
uations in the crystallizer.
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NOTATION

A = characteristic matrix, = | J — Al|
ay = elements of the characteristic matrix, Eqs. 45-48
= nucleation order
B = nucleation rate, no/s-kg solvent
c = concentration of solute, kg solute/kg solvent
cp = specific heat, k] /kg-K
e = constant, Eq. 9
Ep = activation energy for nucleation, kJ/kmol
E¢ = activation energy for growth, k] /kmol
F(y) = dimensionless characteristic energy balance function,
Eq. 30
g = growth rate order
G = ogverall linear growth, m/s
H(y) = dimensionless characteristic heat generation function,

. = MT/Cf(X, Eq. 15
| Hy(x,y) = partial derivative of H(x,y) with respect to x at x,y
|Hy(x,y) = partial derivative of H(x,y) with respect to y at x,y
H, heat of crystallization (exothermic), kJ/kg

i,f = index integers

I = identity matrix

j = exponent of magma density, Eq. 4

J = Jacobian matrix

k = kinetic orders parameter, = b + 3g

keo = nucleation rate constant, no/skg solvent (kg/kg)?-
(kg/kg)!

kco = growth rate constant, m/s(kg/kg)é

k, = yolume shape factor

m = solubility temperature coefficient, Eq. 9

Mt = suspension density, kg crystal/kg solvent

Q = mass flowrate, kg/s

q = constant, Eq. 40

R = gas constant, 8.314 kJ/kmol-K

$1,82 = constants, Egs. 19 and 20

t = time, §

t = dimensionless time, t /7

T = temperature, K

Ua = overall heat transfer coefficient, kJ/s:K

x = dimensionless concentration, ¢/cf

y = dimensionless temperature, Tc,/cf(—AH,)

Greek Letters

o = slope parameter, Eq. 16

aa,0p = extreme slope parameters, Eq. 27

) = dimensionless solubility coefficient, Eq. 10

0% = activation energy parameter, Eq. 17

6 = heat transfer parameter, Ua/Qcp

A = difference between actual and corresponding satu-
ration quantities

€ = deviation variable, Eq. 37

€1,€2 = deviation variables for x and y

£ = constant, Eq. 10

7 =1/1+9)

A = eigenvalues of the characteristic matrix
p = density of crystals, kg/m?

T = mean residence time, s

¢ = intercept on y axis of heat removal line
Subscripts

f = feed

of = cooling fluid

0 = fnitial

s = saturation, steady state
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Superscript

= derivative with respect to x or y
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